We study renormalization on the fuzzy sphere, which is a typical example of non-commutative spaces. We numerically simulate a scalar field theory on the fuzzy sphere, which is described by a Hermitian matrix model. We define correlation functions by using the Berezin symbol and show that they are made independent of the matrix size, which plays a role of a UV cutoff, by tuning one parameter of the theory. We also find that the theories on the phase boundary are universal. They behave as a conformal field theory at short distances, while they universally differ from it at long distances due to the UV/IR mixing.
Introduction
It is known that field theories on non-commutative spaces are deeply involved in quantum gravity or string theory (for a review, see [1] ). One of the most characteristic phenomena in field theories on non-commutative spaces is the so-called UV/IR mixing [2] , which prevents perturbative renormalization.
It is important to resolve the problem of renormalization in order to construct consistent quantum field theories on non-commutative spaces. It was shown by Monte Carlo simulation in [3, 4] that the 2-point and 4-point correlation functions in the disordered phase of a scalar field theory on the fuzzy sphere 1 are made independent of the matrix size up to a wave function renormalization by tuning a parameter in the theory, where the matrix size is regarded as a UV cutoff 2 . This strongly suggests that the theory is non-perturbatively renormalizable in the disordered phase.
Here, we perform further study of the scalar field theory on the fuzzy sphere by Monte Carlo simulation [4] . Multi-point correlation functions are defined by using the Berezin symbol [21] in the same way as in [3] . Then, the phase boundary is identified by calculating the susceptibility which is an order parameter for the Z 2 symmetry, and the 2-point and 4-point correlation functions are calculated on the boundary. It is found that the correlation functions at different points on the boundary agree so that the theories on the boundary are universal as in ordinary field theories. Furthermore, we find that the behavior of the 2-point correlation functions is the same as that in a conformal field theory (CFT) at short distances but different from it at long distances.
Scalar field theory on the fuzzy sphere
We study the following matrix model: 
At the tree level in the N → ∞ limit, which corresponds to the so-called commutative limit, the theory (2.1) reduces to the following continuum theory on a sphere with the radius R:
1 By Monte Carlo simulation, the theory has been studied in [3] [4] [5] [6] [7] [8] [9] . The model has also been studied analytically in [10] [11] [12] [13] [14] [15] [16] [17] [18] . 2 In [19, 20] , a scalar field theory on the non-commutative torus was studied in a similar way. with the invariant measure on the sphere dΩ and the orbital angular momentum operators
In the above correspondence, the Berezin symbol Ω|Φ|Ω , which is explained in the next section, is identified with the field φ (Ω), and the parameters in (2.1) correspond to those in (2.3) as µ 2 = R 2 m 2 , λ = R 2 g. The authors of [22, 23] showed that the 1-loop effective action of (2.1) differs from that of (2.3) by a finite amount.
Correlation functions
We define correlation functions by introducing the Berezin symbol [21] constructed from the Bloch coherent state [24] . The sphere is parametrized by the standard polar coordinates Ω = (θ , ϕ). The Bloch coherent state |Ω is localized around the point on the sphere, (θ , ϕ), with the width R/ √ N. For an N × N matrix M, the Berezin symbol is defined by Ω|M|Ω . In the following, we denote the Berezin symbol shortly as ϕ(Ω) = Ω|Φ|Ω . Then, the n-point correlation function in the theory (2.1) is defined as
This correlation function is a counterpart of
We assume the matrix Φ in (2.1) to be renormalized as Φ = √ ZΦ r with the renormalized matrix Φ r . Then, the renormalized Berezin symbol is defined by ϕ(Ω) = √ Zϕ r (Ω), and the renormalized n-point correlation function is defined by
In the following, we calculate the following correlation functions:
3) where c stands for the connected part. We pick up four points Ω ρ = (θ ρ , ϕ ρ ) (ρ = 1, . . . , 4) on the sphere as follows (see Fig. 1 ):
We apply the hybrid Monte Carlo method to our simulation of the theory.
Critical behavior of correlation functions
We calculate the 2-point and 4-point correlation functions on the phase boundary at N = 24. To determine the phase boundary, we calculate the susceptibility χ ≡ (TrΦ/N) 2 − |TrΦ| /N 2 that is an order parameter for the Z 2 symmetry which is a symmetry under Φ → −Φ. In Fig.2 , χ is plotted against −µ 2 for λ = 0.5, 0.6, 0.7. We find that the peak of χ for λ = 0.5, 0.6, 0.7 exists around µ 2 = −10.8, −12.8, −14.8, respectively. The theory is in the unbroken phase in the left side of the peak, while it is in the broken phase in the right side of the peak. We calculate 2-point and 4-point correlation functions at various µ 2 around the above values for each λ , and find that the correlation functions for (µ 2 , λ ) = (−10.801, 0.5), (−12.810, 0.6), (−14.925, 0.7) agree after performing wave function renormalization. In the following, we show that this is indeed in the case.
For later convenience, we introduce a stereographic projection defined by z = R tan θ 2 e iϕ , which maps a sphere with the radius R to the complex plane. Here, R is fixed at 1 without loss of generality. We calculate ϕ(z m )ϕ(1) c and ϕ(z m )ϕ(1)ϕ(e In Fig.3 , we plot log ϕ(z m )ϕ(1) c against log |z − 1| for λ = 0.5, 0.6, 0.7, where the data for λ = 0.6, 0.7 are simultaneously shifted in the vertical direction by α 0.6→0.5 = log[Z(λ = 0.5)/Z(λ = (1), respectively, so that they agree with the data for λ = 0.5. In Fig.4 , we also plot log ϕ(z m )ϕ(1)ϕ(e
3 ) c against log |z − 1| for λ = 0.5, 0.6, 0.7, where the data for λ = 0.6, 0.7 are simultaneously shifted in the vertical direction by 2α 0.6→0.5 and 2α 0.7→0.5 , respectively, so that they agree with the data for λ = 0.5. These shifts correspond to a wave function renormalization. Namely, 2-point and 4-point correlation functions agree after performing wave function renormalization. Therefore, the above results indicates that the theories are universal on the phase boundary as in ordinary field theories. We do not see the above agreement of the correlation functions in either the UV region with m = 1, 2, or the IR region with m = 14, 15. We consider the disagreement in the latter region to be caused by increase of the ambiguity of the position on the fuzzy sphere due to the stereographic projection for large |z|.
Finally, we see a connection of the theory we have studied to a CFT. In Fig.3 , we fit seven data points (m = 4, . . . , 10) of log ϕ(z m )ϕ(1) c for λ = 0.5 to −u log |z − 1| + v and obtain u = 0.149 (2) and v = 1.887 (1) . This means that the 2-point correlation function behaves as
In CFTs, the 2-point correlation function of the operator O(z) with the scaling dimension ∆ behaves
Thus, the present theory on the phase boundary behaves as a CFT in the UV region. Our 2-point correlation function deviates universally from that in the CFT in the IR region with 11 ≤ m ≤ 13. Moreover, in a further UV region with m = 3, it also deviates universally. We consider these deviations to be an effect of the UV/IR mixing. It is nontrivial that we observe the behavior of the CFT because field theories on non-commutative spaces are non-local ones. 3 ) c at N = 24 is plotted against log |z − 1|. The circles, the squares, and the triangles represent the data for λ = 0.5, 0.6, 0.7, respectively. The data for λ = 0.6, 0.7 are simultaneously shifted by 2α 0.6→0.5 and 2α 0.7→0.5 , respectively, in the vertical direction so that they agree with the data for λ = 0.5.
Conclusion and discussion
We have studied renormalization in the scalar filed theory on the fuzzy sphere by Monte Carlo simulation. We examined the 2-point and 4-point correlation functions on the phase boundary where the spontaneous Z 2 symmetry breaking occurs. We found the agreement of correlation functions at different points on the boundary up to the wave function renormalization. This implies that the critical theory is universal, which is consistent with the universality in the disordered phase [3, 4] , because the phase boundary is obtained by one parameter fine-tuning. Moreover, it was observed that the behavior of the 2-point correlation functions is the same as that in a CFT at short distances and universally different from that at long distances. We consider the latter to be due to the UV/IR mixing.
The CFT observed at short distances seems to be different from the critical Ising model, because the value of u/2 in (3.5) disagrees with the scaling dimension of the spin operator, ∆ Ising = 1/8. This indicates that the universality classes of the scalar field theory on the fuzzy sphere are totally different from those of an ordinary field theory 3 .
In fact, the authors of [5] [6] [7] [8] [9] reported that there exists a novel phase in the theory on the fuzzy sphere that is called the non-uniformly ordered phase [25, 26] . We hope to clarify the universality classes by studying renormalization in the whole phase diagram.
